Abstract. In the present paper we introduce a q -analogue of the bivariate Durrmeyer operators. A convergence theorem for these operators is established and the rate of convergence in terms of modulus of continuity is determined. Also, a Voronovskaja type theorem has been investigated for these operators.
Introduction
Durrmeyer introduced in 1967 an integral modification of the well known Bernstein operator in order to approximate Lebesque integrable functions on the interval [0, 1]. These operators, called now Durrmeyer operators, were defined in [11] by the formula In 1981 Derriennic [8] is the first who studied the operators (1.1) in details. Lupas [14] in 1987, and independently Phillips [16] in 1997, introduced q -analogues of Bernstein polynomials. After that, several researches have studied these polynomials and established many interesting properties. Important results in this direction were obtained in [1] , [2] , [3] , [4] , [5] , [12] , [13] , [15] , [16] , [17] , [19] , [20] .
First, let us to recall some basic definitions of q -calculus. Let q > 0 be given. For each non-negative integer k , the q -integer [k] q and the q -factorial [k] q ! are respectively defined by Using the above notations, the q -Bernstein polynomials introduced by Phillips [16] can be expressed as The q -analogue of integration, introduced by Thomae [21] is defined by
Using the above definitions, Gupta [12] introduced the q -Durrmeyer operators defined as In the case q = 1 the operators (1.2) reduce to the classical Durrmeyer operators (1.1).
Other q -variants of the Durrmeyer operators were studied by Derriennic [10] , Muraru and Acu [15] .
Let C([0, 1] 2 ) be the space of bivariate real valued functions continuous on [0, 1] 2 . Suppose m, n are positive integers and q 1 , q 2 are real parameters satisfying the conditions 0 < q 1 1, 0 < q 2 1 . Barbosu [6] introduced the following bivariate qBernstein operators
defined for each positive integers m, n and f ∈ C([0, 1] 2 ). When q 1 = q 2 = 1 , the Bernstein operators (1.3) reduce to the classical bivariate Bernstein operators.
The present note deals with the study of the bivariate q -Durrmeyer operators, which are a q -integral modification of operators (1.3). First, we estimate the moments for these q -operators and then, applying the Korovkin-type theorem for bivariate linear positive operators we obtain a convergence property of the sequence of operators. Using the Shisha-Mond theorem for the bivariate case, we give an estimation of the rate of convergence for the sequence of bivariate q -Durrmeyer. In the last section we give a Voronovskaja type theorem.
Definition of the bivariate q -Durrmeyer operators and estimation of their moments
. Using the method of parametric extensions [7] and the operator (1.2), it follows that the bivariate q -Durrmeyer operators are defined for each positive integers m, n by the formula
In order to prove the main results we will establish the following statements for the q -Durrmeyer operators (1.2).
For the q -Durrmeyer operators (1.2) the following statement is true
where e i (x) = x i .
is the q -Beta function.
Using the above result we obtain
Proof. This result is obtained using the relation (2.2) and the values of the qBernstein operators for the test functions, namely:
Using Lemma 2.2, we shall prove THEOREM 2.1. The bivariate q -Durrmeyer operators (2.1) satisfy the following equations
Proof. Taking the definition (2.1) into account one obtains the following identities
Next, one applies Lemma 2.2.
COROLLARY 2.1. The following identities hold true
Proof. The linearity of D m,n,q 1 ,q 2 leads to
Next, one applies Theorem 2.1. The second identity follows in a similar way.
Proof. Using Corollary 2.1, we obtain
By direct computations, using the following relation of q -integers
In a similar way can be proven the relation ii).
Approximation properties of the bivariate q -Durrmeyer operators
To study the convergence of the sequence {D m,n,q 1,m ,q 2,n ( f ; x, y)} we shall use the following Korovkin type theorem, established by Volkov [22] . 
If 
In the following we give a numerical result which shows the rate of convergence of the operator D m,n,q 1 ,q 2 to certain function using Matlab algorithms. EXAMPLE 3.1. Let us consider f : R 2 → R, f (x, y) = x 2 y 2 + x 2 y − 2y 2 . The convergence of the bivariate q -Durrmeyer operator to the function f is illustrated in Figure 1 and Figure 2 , respectively for n 1 = n 2 = 50 , q 1 = q 2 = 0.6 and n 1 = n 2 = 500 , q 1 = q 2 = 0.9 , respectively. We remark that as the values of n 1 and n 2 increase, the error in the approximation of the function by the operator becomes smaller. An estimation of the rate of convergence can be obtained using the modulus of continuity for bivariate real valued functions. Recall that if I, J ⊆ R are compact intervals and f ∈ R I×J is bounded, the modulus of continuity is the function ω :
Recall also the following variant of Shisha-Mond theorem [18] .
THEOREM 3.3. ([7], [18]) Let I, J ⊆ R be compact intervals, B(I × J) = { f ∈ R I×J | f bounded on I × J} and L : C(I × J) → B(I × J) be a linear positive operator. For each f ∈ C(I × J), (x, y) ∈ I × J and any
holds. 
, where δ m,q 1,m (x) and δ n,q 2,n (y) are defined as in Lemma 2.3.
Proof. Applying Theorem 3.3, taking Theorem 2.1 (i) and Lemma 2.3 into account, one arrives to
For 0 < α 1 1 and 0 < α 2 1, we define the Lipschitz class Lip M (α 1 , α 2 ) for the bivariate case as follows: 
n,q 2,n (y), where δ m,q 1,m (x) and δ n,q 2,n (y) are defined as in Lemma 2.3.
Using the Hölder's inequality withp
respectively, we get
n,q 2,n (y). Proof. For (s,t) ∈ I 2 we have
Applying the Durrmeyer operator on both sides we get
Applying the Cauchy-Schwarz inequality, we get
Let f ∈ C(I 2 ) and δ > 0 . In what follows, we shall use the following modulus of continuity for bivariate real valued functions
The partial moduli of continuity with respect to x and y is given by
equipped with the norm
It is known the following inequality (see [9] )
where ω 2 ( f ; √ δ ) is the second order modulus of continuity and the constant M is independent of δ and f .
In the following result we give the order of approximation of the Durrmeyer operators to the function f ∈ C 2 (I 2 ) by K -functional. 
ApplyingD m,n,q 1 ,q 2 on both side of (3.1), we get
Now, we have
Taking the infimum on the right hand side over all g ∈ C 2 (I 2 ) it follows
REMARKS 3.1. There exists a constant M independent of δ and f such that
where ω 2 is the second order modulus of continuity.
A Voronovskaya theorm for the bivariate q -Durrmeyer operators
In this section we shall establish a Voronovskaya type theorem for the operators D m,n,q 1 ,q 2 . First, we need the auxiliary result contained in the following lemma. 
Proof. To prove the lemma we use the formulas for D m,q m (e i ; x), i = 0, 1, 2 given in Lemma 2.2. 
